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Appendix: Development of Expression
for Approximate Ignition Time

The physical basis of approximate ignition time for the semi-
infinite solid with DPL conduction takes advantage of the expected
behavior for its surface temperature: For small values of time after
the application of g, along the surface x =0, internal heating by
reaction should be small compared with external heating by g, be-
cause the surface temperature and associated reaction rate are still
relatively low. Thus, these small time values correspond to a pe-
riod of nearly inert (nonreactive) heating dominated by ¢,. During
this inert period, the surface temperature is approximated by the
solution to the corresponding inert DPL problem where S =0. For
large times, however, the surface temperature is high enough for
heating by reaction to dominate and cause thermal runaway. Hence,
approximate ignition time ¢* is defined here as that intermediate
time when rates of internal heating by reaction and external heating
by gy become momentarily equal. The surface temperature at ¢* is
the corresponding approximate ignition temperature 7'*.

Reference2 developsan expressionfor approximateignition time
by using the physical basis of #* just described but for hyperbolic
conduction. (Reference 2 terms this hyperbolic approximation the
“rough approximation.”’) Thus, by analogy, developing the expres-
sion for t* with DPL conduction starts with Eq. (1A) in Ref. 2
because that equation is a convenient form for 7" of the semi-
infinite solid regardless of the model chosen for conduction. Then
T* is eventually related to t* for DPL conduction. Consequently,
introducing B, o, ¥, and dimensionless DPL approximate ignition
temperature ¢* into Eq. (1A) of Ref. 2 and then solving for ¢*
gives

@ =1/)Bl(5/27) — 1] (A1)

Equation (A1) here arises from the equivalence of external and in-
ternal heating underlying the approximate ignition time.

Completing the development for DPL conduction requires ob-
taining a relation between ¢* and £* and then using this relation to
replace @* by £* in Eq. (A1). For this relation to be obtained, Eq. (1)
from the main body of this Note is first made dimensionless by us-
ing B, ¢, B, 6, and y, along with nand &. In particular, n =0 is the
surface of the semi-infinite solid where ignition occurs at £*. This
dimensionless form of Eq. (1) replaces Eq. (3A) in Ref. 2. Next,
with the use of the same reasoning as in Ref. 2, the dimensionless
form of Eq. (1), with appropriate boundary and initial conditions,
reduces to that describing the problem for the DPL inert heating
period. Section 3.1 in Ref. 6 states this inert problem, with some
differences in nomenclature from that of this Note. The solution to
this inert problem for B < % is given by Eq. (12) in Ref. 6. Convert-
ing that equation to the nomenclature of this Note and then setting
n=0and & =£&™ in the converted equation provides the relation be-
tween ¢* and &*. Then using this relation to replace ¢* in Eq. (A1)
here provides the implicit expression for £* when B < %, given as
Eq. (2) in the main body of this Note. Alternatively, the expression
for £&* when B Z% is obtained by using Eq. (11) from Ref. 6 in place
of Eq. (12).
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Nomenclature

species molar fraction or the distribution function

of the absorption coefficient

cumulative distribution function

= the ith Gauss quadrature point

= radiation intensity at the ith quadrature point,
W/m? cm™! sr

= absorption coefficient, m™

absorption coefficient at the ith quadrature point, m~

path length, m

= position variables along a line of sight, m

= temperature, K

= weight parameter of the ith Gauss quadrature point

v = wave number interval of a band, cm™!

wave number, cm™!

= band-averaged gas transmissivity
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Subscripts

b = blackbody
nb = narrowband
wb = wideband

I. Introduction

CCURATE calculations of real-gas radiation are inherently

difficult due to the extremely strong spectral variations of gas
radiative properties. In combustion, real-gas practically means CO,
and H, O presentin the combustion products for hydrocarbon fuels.
Oversimplified gas radiation models yield large errors in the pre-
diction of gas radiation and cannot be used as a reliable radiation
submodel in an overall combustion or flame code. The exact line-
by-line (LBL) calculations, however, are far too computationally
intensive to be applied to problems of practical interest. Therefore,
substantial research efforts have been devoted to development of
accurate and efficient nongrey gas radiation models.

The statistical narrowband correlated-k (SNBCK) method rep-
resents an efficient alternative for implementing the statistical nar-
rowband (SNB) model. The method has recently been applied to
two-dimensional real-gas radiation transfer by Goutiere et al.,!
and they found that the SNBCK method yields total quantities al-
most identical to those of the SNB model with far less comput-
ing effort. The SNBCK method overcomes the difficulties of the
SNB model because it extracts gas absorption coefficients from the
SNB gas transmissivity. As a result, any radiative transfer equa-
tion (RTE) solvers, especially the efficient and accurate discrete-
ordinates method (DOM), can be used. Extension of the SNBCK
method to scattering problems is straightforward. The seven-point
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Gauss-Lobatto quadrature has been commonly employed in vari-
ous correlated-k (CK) and narrowbandweighted-sum-of-gray-gases
methods.2™*

In the present study, a band lumping strategy was developed to
formulate a wideband CK model within the context of the SNBCK
method. The strategy can be applied to other narrowband CK meth-
ods. Band lumping groups several (typically 5-20) successive nar-
rowbands into a wideband and calculates the radiative transfer over
the wideband, instead of solving the RTE several times at each nar-
rowband inside the wideband. In general, the more narrowbands
lumped, the more efficiency is gained, at the cost of larger errors
because the blackbody function cannot be treated as constantas the
bandwidth increases. Numerical calculations were conducted using
the SNBCK method with and without band lumping, and the results
were compared with those of the SNB model.

II. Band Lumping Strategy

The SNBCK method has been described in detail previously by
Lacis and Oinas’ and Goody et al.® and recently by Liu et al.”® The
SNB model parameters employed in the present study are those pre-
sented by Soufiani and Taine.* Because the bandwidth is uniform at
25 cm™! in this SNB model database, the mean gas transmissivity
overa wideband containing M successivenarrowbandsis calculated
as

| M
fwb=ﬁz ; (1

i=1

where 7; is the mean gas transmissivity of the ith narrowbandinside
the wideband and is calculated according to the SNB model. For
narrowbands of nonequal width, the wideband gas transmissivity is
then the bandwidth weighted average, instead of the simple alge-
braic average, of the gas transmissivities of narrowbands inside the
wideband. The inverse Laplace transformation of Eq. (1) yields the
absorption coefficient distribution function at the wideband:

1 M
Funk) = 5 2% fi(h) 2)

i=1

where the normalizeddistributionfunctionat each narrowband f; (k)
is given in the SNBCK method. By definition, the cumulative dis-
tribution function at the wideband is calculated similarly:

1 M
gun(k) == > gtk 3)

i=1

Inversion of the preceding equation yields the gas absorption co-
efficients at the wideband, which can be done efficiently using a
Newton-Raphson iteration method described by Lacis and Oinas’
and Liu et al.”8 Note that an equation similar to Eq. (3) has been
presented by Marin and Buckius’ based on a different argument and
for a different purpose.

When the resultant wideband contains overlapping narrowbands
0of CO, and H,O, the band lumping strategy describedis first applied
to each radiating gas component then the effect of band overlapping
is handled using the correlated treatment discussed by Lacis and
Oinas’ and Liu et al.”

III. Results and Discussion

To demonstratethe accuracyand efficiency of the SNBCK method
with and withoutband lumping for radiation transferover widebands
and over the entire infrared, numerical calculations were carried out
for band-integrated intensities along a line of sight and radiation
heattransferin a one-dimensional,parallel-platesenclosure. Results
from the SNB model were used as the reference solution in the
comparisons. For calculationsusing the SNB model, the correlated
transfer equation discussed by Kim et al.!® was solved. The seven-
pointGauss-Lobattoquadraturegivenin Ref. 2 was usedin all of the
SNBCK calculations. Whenever band lumping was employed, the
blackbody intensity was assumed constant over the wideband and
evaluatedat the center of the wideband. The pressure of the radiating

gasis assumed at 1 atm throughoutthis work. All of the calculations
were performed on an SGI Octane workstation at 175 MHz.

The integral form of the RTE was solved. Spectrally integrated
quantities are calculated by adding the appropriate band quanti-
ties (wall heat fluxes and volumetric source term) over all of the
bands.

Band-Integrated Intensities Along a Line of Sight

Numerical calculations were performed for three levels of band
lumping for three gas columns having different concentration and
temperature distributions. The length of the three gas columns con-
sidered is L =1 m between x =0 and 1 m. The left wall at x =0
is assumed black and cold at 300 K. Band-integrated intensities
at x =1 m and along the positive x direction were calculated.
The gas in column 1 is a homogeneous H,O-N, mixture with
fu,0 =0.2, and the temperature is uniform at 1800 K. The gas
in column 2 is a homogeneous CO,-N, mixture with fco, =0.1,
and the temperature is also uniform at 1800 K. Column 3 con-
tains a nonisothermal and inhomogeneous CO,-H,0O-N, mix-
turewith 7 =1000 + 1400 X4 Xx/L — 1400 X4 X(x/L)?, fco, =
0.05+ 0.1 X4 Xx/L —0.1 X4 X(x/L)? and fi,0 =0.6 —0.4 X
4 Xx/L+0.4 X4 X(x/L)?. A uniform grid of 80 was used in the
calculations.

Figure 1 shows the band-integrated intensities calculated using
the SNBCK method with and without band lumping for columns 1
and 2. In Fig. 1, SNBCK7-1band denotes results obtained using the
seven-point Gauss-Lobatto quadrature and without band lumping,
that is, summation of intensity of each narrowband inside the wide-
band, whereas SNBCK7-nband (n > 1) represents results based on
lumping n narrowbands. Results of the SNB model are not shown
becausethey are almostidentical with those of the SNBCK7-1band.
For column 1, results of 5- and 10-band lumping are in excellent
agreement with those without band lumping (Figs. 1a and 1b). Al-
thoughthe results of 20-bandlumping show slightdeviationfrom the
unlumpedresultsat bands centeredbelow 2000cm ™!, the agreement
is still very good. This deviation is expected because the blackbody
function varies quite sharply at 1800 K at low wave numbers, and
it is no longer constant over a bandwidth of 500 cm™! (20 narrow-
band lumping). For column 2, results of 5- and 10-band lumping
are in good agreement with those without band lumping, with small
errors present at bands near 2200 cm™! (Figs. laand 1b). Results of
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Fig. 1 Comparisonsofband-integrated intensities calculated using the
SNBCK method with and without band lumping for columns 1 and 2:
a) 125 cm™! bandwidth,b) 250 cm ™!, and ¢) 500 cm .



280 J. THERMOPHYSICS, VOL. 14,NO. 2: TECHNICAL NOTES

Table1 CPU times of the SNBCK
method for calculations of the
one-dimensional case

Method CPU, s
SNBCK7-1band 328
SNBCK7-5band 81
SNBCK7-10band 52
SNBCK7-20band 41
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Fig. 2 Comparisons of band-integrated intensities calculated using
the SNBCK method with and without band lumping for column 3: a)
125 cm™! bandwidth, b) 250 cm™, and ¢) 500 cm ™.

20-band lumping are still in good agreement with the unlumped re-
sults, exceptat the 2387.5cm™! band, where the lumped intensity is
about 18% lower (Fig. 1¢). This large discrepancy shown in Fig. 1¢
for column 2 at 2387.5 cm™! is attributed to the strong radiating
and extremely banded behavior of the 4.3-um band of CO,. It is
possible to improve the accuracy of the band lumping results near
the 4.3-um band of CO, by optimizing the bandwidth and band
locations of lumped bands, instead of using uniform bandwidth.

Results of column 3 are shown in Fig. 2. For this nonisothermal
inhomogeneous case, results with band lumping still display good
agreement with those without band lumping, especially for 5- and
10-band lumping. Errors in the band lumping results increase as
the number of narrowbands lumped increases due to the greater
variation of the blackbody intensity over a wider spectral interval. It
is interesting, butnot too surprising, to see thaterrors of results with
band lumping are greatest near bands around 2200 cm™" at all three
levels of band lumping, especially for 20-band lumping (Fig. 2¢).
This is caused by the 4.3-um band of CO, based on the results of
column 2 shown in Fig. 1.

Spectrally Integrated Quantities in a One-Dimensional,
Parallel-Plates Enclosure

Spectrally integrated quantities were calculated in a one-dimen-
sional, parallel-plates enclosure. The separation distance between
the two plates is 1 m, and the conditions of the mixture bounded by
the two plates are the same as those in column 3. The two bound-
ing surfaces are black and at 0 K. Numerical calculations were
conducted using 40 uniform grids and the 7, angular quadrature
(containing 128 directions in the entire 47 solid angle). The CPU
times of differentruns using the SNBCK method with and without
band lumping are compared in Table 1.

The CPU time ratio of the SNBCK7-1band to the SNBCK7-
10band is only about 6.3. Apparently, there is an unexpected be-
havior of band lumping because one might expect that such a ratio
should be close to 10. However, a thorough study of the CPU time
consumption of the SNBCK calculations provides the explanation
for this unexpected result. In the SNBCK calculations using a N
point quadrature at each narrowband, that is, no band lumping, it is
found that most of the CPU time is spent on inversion of g(k) and
the RTE solver, that is,

tnh = Ntinvcrsion + Ntsolvcr (4)

where ., Lnversions aNd Zyoper are the CPU times spent on each nar-
rowband calculation,on g(k) inversion, and on RTE solver at each
quadrature point, respectively. Therefore, the CPU time spent on
calculations of a wideband containing M narrowbands is

twb, no lumping = MNtinvcrsion + MNtsolvcr (5)

Whenradiativetransferovera widebandis calculated using the band
lumping strategy, the CPU time is found approximately to be

twb, with lumping — MNtinvcrsion + Ntsolvcr (6)

The last two equations indicate that band lumping saves CPU time
on the RTE solver, but noton g(k) inversion. This can be understood
by the formulation of the cumulative distribution function at a wide-
band given in Eq. (3), which contains time-consuming exponential
operations >’ This is why the CPU time reduction does not scale
linearly with the number of narrowbands lumped. Table 1 shows
that the CPU time saving decreases as the number of narrowbands
lumped increases.

The source term distributions (not shown) calculated using
SNBCK7-1band, SNBCK7-5band, and SNBCK7-10band are al-
most identical with the SNB results, indicating that 5- or 10-band
lumping causes negligible errors in radiation heat transfer calcula-
tions. Errors of the results based on 20-band lumping are still very
small, only about 2% compared to those of SNB. The wall heat flux
densities calculated using the SNBCK method with and without
band lumping are in very good agreement with the SNB result. The
SNBCK?7-20band lumping run gaverise to the largest error of about
only 3%.

IV. Conclusions

A band lumping strategy was developed to calculate radiative
transfer over a wideband or the entire infrared using the SNBCK
methodin CO,, H, 0, and their mixtures to improve the efficiency of
the SNBCK method for such applications. Based on the numerical
results obtainedin this study, the following conclusionsare reached.

1) The band lumping strategy yields accurate results with about
20 narrowbands of 25 cm™! lumping for radiative transfer in CO,-
H,O-N;, mixtures even under non-isothermal and inhomogeneous
conditions. The more narrowbands are lumped, the less accurate
the results are. Most of the errors of band lumping results may be
attributed to the nonoptimized partition of the 4.3-um band of CO,
rather than the variation of the blackbodyintensity over a bandwidth
of about 500 cm™!.

2) The CPU time saving of the SNBCK method with the band
lumping strategy does not scale linearly with the number of narrow-
bands lumped. The CPU time saving decreases as the number of
narrowbands lumped increases.

3) A 10 narrowband lumping is recommended based on consid-
erations of accuracy and efficiency.
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Non-Fourier Heat-Flux Law
for Diatomic Gases
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Nomenclature
E™(v,r) = internal energy of the reduced mass
EXin(y) = kinetic part of the internal energy
Ero'(r) = potential part of the internal energy
E™(V) = translational energy of the center of mass
E(V,v,r) = total energy, E¥(V) + E™(v, r)
{é} = set of linearly independent basis

FO(R,V,1) = local equilibrium distribution function
for the center of mass:

ny (R, H[MB(R, 1)/27]3

Xexp{ —=[MBR. 1)/2][V — uy (R, )]’}

FO(R,v,t) = local equilibrium distribution function

for the reduced mass:

3
nu(R, O[B(R, 1)/27]?
xexp{ —[uB®R. H)/2][v — u, (R, )]’}

g(r) = radial or pair distribution function, exp[8 W (r)]
J() = heat flux
kg = Boltzmann constant
M = total mass of the diatomic molecule
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ny(R, 1) = number density of the total mass
ny,(R, 1) = number density of the reduced mass
il = unit vector
q = real number
R = position vector of the center of mass
r = position vector of the relative distance
between two point particles
I = distance between point particles at which their
potential energy is minimum
T = temperature
t = time
uyR, 1) = center-of-mass average velocity vector, (V)
u,(R, 1) = reduced-mass average velocity vector, {v)
14 = velocity of the center of mass
v = velocity of the relative position vector
between two point particles
W(r) = potential energy of the average force
a particle experiences
B =1/kpT
Bia = Eucken number for diatomic gases:
[ﬂ; - Mﬂ:n]
3(y =D
B = Eucken number caused by internal states:
3l 1 H(ov)®  AE™W(r))
kT (EnYkgT

*

o = Eucken number caused by translational motion,

3[1 — M(8V)?/3kT]
r = arbitrary volume over which the relative
coordinate is integrated
= ratio of heat capacities
= variable’s nonequilibriuminstantaneous
departure from its equilibrium value
Aa = total area:

> =

j da
open surface

= fluctuation in a variable

= derivative with respect to time, 0/0t

= perturbation

= time as an integration variable

= thermal conductivity of diatomic gases,
BiAEDu/2T Aa

int = thermal conductivity caused by internal motion,
BiAE™u/2T Aa

= thermal conductivity caused by translational
motion, B { E")u/2T Aa

= reduced mass of the diatomic molecule

physical constant, B} (E")/3Aa

relaxation time

= nonequilibrium ensemble average

B = equilibrium ensemble average
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Introduction

REVIOUSLY a derivation of the Cattaneo’s heat-flux law,

whichis a non-Fourierheat-flux law, was given for monoatomic
gases.! The derivationof Cattaneo’s heat-flux equation for diatomic
gases will emphasize the validity of the method used before for
monoatomic gases, which is an important thing to do before the
methodis applied to the far-from-equlibriumcase, and will demon-
strate the phenomenonof finite speed heat propagationfor a different
kind of gas, namely the diatomic gas. Therefore, the derivation of
Cattaneo’s heat-flux equation for diatomic gases is presented here.
Under special conditions, which include being at the critical tem-
perature, the method used before proved very successful here in
the case of diatomic gases. However, the distribution function that



